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An example

Suppose that we are looking for periodic solutions of period 2π for
an ordinary differential equation

q′ = f (q) , q ∈ RN .

We can write the system as a fixed point equation q = ∂−1f (q),
where ∂−1 denotes the antiderivative operator on the space of
continuous 2π-periodic functions with average zero.



A functional space

Choose ρ > 0 and let Fρ the vector space of all 2π-periodic
analytic functions f : Dρ → R,

f (t) =
∞∑
k=1

fk sin(kt) +
∞∑
k=0

f ′k cos(kt) , t ∈ Dρ ,

for which the norm

‖f ‖ρ =
∞∑
k=1

eρk |fk |+
∞∑
k=0

eρk |f ′k |

is finite. Fρ is a Banach algebra.



Representation of functions

The main issue is to make the computer handle functions in Fρ in
the most transparent way.
Since a computer can only deal with a finite set of numbers, the
first issue for computer assisted proofs is to have the computer
manipulate real numbers. This problem is usually addressed by
Interval Arithmetics. The main point of Interval Arithmetics is the
representation of real numbers by means of intervals, whose
extrema are representable numbers, i.e. number that can be
exactly expressed by the arithmetics used by the computer, e.g.
according to the IEEE standard.



Representation of functions

Obviously, it is also essential to teach the computer how to handle
these “numbers”, how to perform basic arithmetics and how to
compute all kind of functions we may need. Nowadays there exists
plenty of packages that provide such technique.
We refer to the surrogate of real numbers provided by intervals as
std(R). Our purpose is to create std(Fρ) with the same properties.



Representation of (odd) periodic functions

Choose an integer n. Given U = (U1, . . . ,Un) in std(Rn), and
V = (V1, . . . ,V2n) in std(R2n

+ ), denote by S(U,V ) the set of all
(odd) functions f that can be represented as

f (t) =
n∑

k=1

uk sin(kt) +
2n∑

m=0

vm(t) , vm(t) =
∞∑

k=m

vm,k sin(kt) ,

with uk ∈ Uk , and vm ∈ Fρ with ‖vm‖ρ ∈ Vm , for all k and m.
We now define std(Fρ) to be the collection of all such sets
S(U,V ), subject to the condition that V−m = 0 for all m.



Representation of periodic functions

We can define a set of even functions analogously, with cosines
instead of sines.
It is now straightforward to implement a bound on the norm
function on Fρ, or the operator ∂−1, or the sum of two functions
in Fρ. In order to obtain a bound on the product of two functions
in Fρ , we simply multiply the representations given above of the
two factors term by term, and write the result again as an explicit
Fourier polynomial of order n, plus a sum of “error terms” of
orders ≥ m, for m = 0, 1, . . . , 2n.



Handling functions

Object oriented programming is very useful to such purpose,
indeed it is possible to define an object “Fourier series” with
methods corresponding to all the operations we need, and also we
can overload some basic function, e.g. ’+’, ’-’, ’*’, ’/’, and treat
functions in a completely transparent way.
This technique is not restricted to Fourier series, but, at least in
principle, can be applied to all functional spaces having a “good”
basis. Here the word “basis” is used in a broad sense. Loosely
speaking, a good basis is a finite subset of the functional space
which spans a large portion of the functional space.



A fixed point method

Our strategy for proving the existence of a fixed point for some
operator F : F → F is as follows. First, we use our best numeric
algorithm in order to find a good approximation u0 of the solution
of the problem. We choose an “finite” approximation M for the
map Id + [DF (u0)− Id]−1, and then we define

C(u) = F (u)−M
[
F (u)− u

]
.

Formally, the map C is close to the Newton map for F . Thus, our
goal is to prove that C is a contraction.



A fixed point method

The necessary conditions are given in the following version of the
Banach theorem:

Lemma

Let u0 be a function in F . Assume that there exists a bounded
linear operator M on F , and constants ε,K > 0, such that M − Id
has a bounded inverse and

‖C(u0)− u0‖ < ε , ‖DC(u)‖ < K , ε+ Kr < r ,

for all functions u in a closed ball B in F of radius r , centered at
u0. Then the function F has a unique fixed point u in B.



Examples: FPU

The Fermi-Pasta-Ulam system is described by the equations

q̈m = φ′(qm+1 − qm)− φ′(qm − qm−1) , m = 1, 2, . . . ,P ,

where φ(x) = x2

2 + α x3

3 + β x4

4 .



Example: the 3 body problem

The 3 body problem can be stated in very few words:

Put three massive particle in the space, let them move under their
mutual gravitational (Newtonian) attraction, and determine their
motion

If xi (t) ∈ R3 is the position of the i-th body at time t, then the
equations of motion are

ẍ1 = Gm2
x2 − x1

|x2 − x1|3
+ Gm3

x3 − x1

|x3 − x1|3

ẍ2 = Gm1
x1 − x2

|x1 − x2|3
+ Gm3

x3 − x2

|x3 − x2|3

ẍ3 = Gm1
x1 − x3

|x1 − x3|3
+ Gm2

x2 − x3

|x2 − x3|3



Example: the 3 body problem



Example: the stationary Kuramoto-Sivashinki equation

The unidimensional Kuramoto-Sivashinki equation

vt + 4vxxxx + α
(
vxx + v2x

)
= 0 0 ≤ x ≤ L

has been the object of many analytical and numerical studies.
The Kuramoto-Sivashinsky equation has been independently
derived in the context of several extended physical systems driven
far from equilibrium by intrinsic instabilities, e.g. instabilities in
laminar flame fronts, phase dynamics in reaction-diffusion systems,
and fluctuations in fluid films on inclines.



Example: the stationary Kuramoto-Sivashinki equation



Elliptic PDE’s

We consider the problem

−∆u(z) = Fu
(
z , u(z)

)
, ∀z ∈ Ω , u(z) = 0 , ∀z ∈ ∂Ω .

We are interested in domains Ω ⊂ Rn and nonlinearities F that
have symmetries.

Classical result [B. Gidas, W.-M. Ni, L. Nirenberg, 1979]:

If the domain Ω is symmetric w.r.t. a n − 1 dimensional
hyperplane and it is convex, if the nonlinearity F has some
monotonicity, e.g. no dependence on z , then, a positive solution u
of (∗) is also symmetric.



Elliptic PDE’s



Dissipative PDE’s

A more challenging problem is represented by the study of
trajectories for dissipative PDE’s. Consider again the
Kuramoto-Sivashinski equation

vt + 4vxxxx + α
(
vxx + v2x

)
= 0 0 ≤ x ≤ L , u( . , t0) = ν ,

with α ≥ 0 and homogeneous Dirichlet boundary conditions.
We can prove the existence of a hyperbolic periodic solution with
α = 150, that is in a (supposed) chaotic regime. The linearization
at the solution has one expanding direction. We can also provide a
lower bound for the modulus of the expanding eigenvalue and an
upper bound for the modulus of all other eigenvalues.
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