
Systems with Memory

Monica Conti - Politecnico di Milano

AIM Meeting, January 2017

1 / 14



The reaction-diffusion equation

the Fourier’s constitutive law for the heat flux gives

The classical heat equation

ut −∆u = F

Widely used in different fields of the applied science has the
unrealistic feature to imply infinite speed of propagation of
thermal signals: the so-called PARADOX of the Fourier law

Impressive amount of literature on heat conduction with
relaxation terms

The Maxwell-Cattaneo heat equation

εutt + ut −∆u = F
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Reaction-diffusion with memory

B.D. Coleman, M.E. Gurtin (1967), M.E. Gurtin, A.C. Pipkin
(1968) suggest to consider

Heat equation with memory

ut − ω∆u − (1− ω)

∫ ∞
0

k(s)∆u(t − s)ds = F

The memory kernel k is a nonnegative function of total mass
1. E.g. k(s) = e−s

F is a (possibly nonlinear) source. E.g. F = h − ϕ(u)
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Reaction-diffusion with memory

Remark. When

kε(s) =
1

ε
e−

s
ε

the Gurtin-Pipkin heat equation reduces to the Maxwell-Cattaneo
model

εutt + ut −∆u = F ⇔ ut −
∫ ∞
0

kε(s)∆u(t − s)ds = F
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The equation of viscoelasticity

The equation with memory

Viscoelasticity equation

utt −∆u −
∫ ∞
0

k(s)∆ut(t − s)ds = F (V)

rules the evolution of the axial displacement u of a linear homoge-
neous viscoelastic body

viscoelasticity is the property of materials that exhibit both
viscous and elastic characteristics when undergoing
deformation. Viscoelastic substances dissipate energy when a
load is applied

synthetic polymers, wood, gels, human tissue, metals at high
temperature

main application: absorbing shock, isolating vibrations,
damping noise
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Main questions

Given any initial datum u0 ∈ X , we study the Cauchy problem{
u′(t) = F(u(t)) in X , ∀t > 0

u(0) = u0

Well-Posedness: does the Cauchy problem admit a solution?
Is it unique? Is it global in time?

t 7→ u(t) ∈ X , t ≥ 0

is a trajectory of the system

Continuous Dependence on the initial data: if two different
initial data are close, are their trajactories close for all t > 0?

Look at the video
http://www.chaos-math.org/en/chaos-vii-strange-attractors
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Attractors

Main research line: Studying the Longterm/regime behaviour
of the solutions in terms of ATTRACTORS

the suitable mathematical framework is given by the Theory
of Infinite Dimensional Dynamical Systems/Semigroups

see our Phd Course on dynamical systems, Spring 2017 !!!
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Transformation into a dynamical system

The idea of Dafermos (1970): we introduce the so-called past
history of u, i.e., the auxiliary variable

ηt(s) =

∫ s

0
u(t − y)dy , s > 0

Setting
µ(s) = −k ′(s)

a formal integration by part yields

ut − ω∆u − (1− ω)

∫ ∞
0

µ(s)∆η(s)ds = F

A further equation ruling the evolution of η is needed. A
(formal) differentiation of η leads to

ηt = −ηs + u, s > 0.
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The translation of the problem into the systemut − ω∆u − (1− ω)

∫ ∞
0

µ(s)∆η(s)ds = F ,

ηt = −ηs + u,

endowed with appropriate initial and boundary conditions,
allow us describe the solutions in terms of a continuous
Semigroup of operators S(t) acting on a proper (extended)
phase-space.

9 / 14



What type of kernels?

most of the literature (even today) deals with smooth kernels
satisfying: there exists δ > 0 such that

µ′(s) + δµ(s) < 0

with our technology we can treat nonincreasing (nonnegative)
kernels with infinitely many discontinuity points and flat zones
and satisfying a NECESSARY CONDITION (NC)

(NC) is necessary for the exponential stability of linear
equations with memory in the past history framework

The story started with the Degree Thesis of E. Mainini, with
supervisor V. Pata (2006)
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Perturbation of the heat equation

If we (formally) choose
k = δ0

(the Dirac mass at zero), we recover the Fourier heat
equation. Hence, for ε ∈ (0, 1], let us set

kε(s) =
1

ε
k
(s

ε

)
and we consider the family of heat equations with memory

ut − ω∆u − (1− ω)

∫ ∞
0

kε(s)∆u(t − s)ds = F

Since kε → δ0 (in the distributional sense), in what
RIGOROUS terms we can say that the heat equation with
memory kε converges to the Fourier equation as ε→ 0???
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