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General context of my research activity
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Perspectives: long term
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Embedded multiscale approach

A unified view:

interfaces 3D-2D channels 3D-1D inclusions (cells, particles) 3D-0D

Objective: solve coupled PDEs on embedded manifolds with high dimensionality gap;
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Proposal #1: methodology

Figure 2.16: Coupled domain. The network ⇤
h

is made by 46 segments for a total length of
15.0 and it is immersed in a unit cube of tissue interstitium ⌦

h

= [ 0, 1 ]3.

Boundary conditions We would like to enforce unitary pressure drop between the
network tips. Observing that the inflow and outflow sections of the network lay on
the bottom and top faces of the tissue slab, respectively, we may enforce for instance
p
v

= 2.0 on ⇤in and p
v

= 1.0 on ⇤out. Therefore, under the hypothesis Q ⌧ 
v

we
can estimate the expected inflow value of vessel velocity from the local Poiseuille’s law,
u
v

' � v/⇡R02
@pv/@s = 30.98.

Numerical Results The Mixed Computational Tool presented throughout the current
chapter is employed to solve the linear system (2.37). We refer to Chapter 4 for implemen-
tation details. Concurrently, we apply the primal code by L. Cattaneo and P. Zunino -
courtesy of the authors - to solve the primal problem (2.32). In both cases we adopt the
monolithic solver SuperLU. Concerning the discretization of the coupled domain, we use
48000 four-nodes tetrahedral elements for the tissue slab ⌦

h

while the discrete network ⇤
h

is made by 1410 linear elements. For the 1D vessels network problem we adopt standard
continuous piecewise-linear finite elements for pressure while non-standard local piecewise-
quadratic finite elements have been implemented to approximate the velocity at each branch.
Regarding the 3D tissue interstitium problem, we adopt discontinuous piecewise-constant
finite element for pressure and H(div)-conforming low order Raviart-Thomas finite element
for velocity. Solving times and condition number are reported in Tab. 2.3.2. As expected,
the primal code is very much faster than the mixed one who has to solve a monolithic system
that is 15 times greater. Figures 2.17-2.18 show results of the simulations. An extensive
comparison between the outcomes of primal and mixed models have been reported. What

46

Figure 2.18: Comparison between numerical predictions of pressure-form (right column) and
mixed-form (left column) models within the identical setting. The mesh characteristic size is
h = 0.05. Non-dimensional parameters are R0 = 0.05, 

t

= 3.333⇥ 10�6, Q = 4.189⇥ 10�7,

v

= 0.082. 48
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Coupled	
  PDEs	
  defined	
  on	
  the	
  network	
  and	
  bulk	
  -­‐	
  mixed	
  finite	
  elements	
  -­‐	
  C++	
  FEM	
  solver:	
  D.	
  Notaro	
  Ing.	
  Mat.	
  2016

Developments:	
  

• extend	
  the	
  solver	
  to	
  mass,	
  heat	
  transfer	
  and	
  deformable	
  vasculature	
  

• compare	
  the	
  solver	
  with	
  Cut-­‐FEM	
  approach	
  (with	
  E.	
  Burman	
  UCL	
  &	
  Umea	
  Univ.)	
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Proposal #2: application & multiscale approachSimulations: hyperthermic treatment
Idea deliver iron oxyde nanocrystals thermally excited by electromagnetic fields
with P. Decuzzi (Houston Methodist Research Institute) and M. Nabil (PITT)

A comprehensive
simulator:

I Angiogenesis;

I Capillary and
interstitial flow;

I Solute and
particle
transport;

I Heat transfer;
Cervadoro et al.
(2013) PLoS ONE
8(2): e57332.

Host 
Tumor 

Particle Injection 

AMF 

Particle Transport Model  
(2) 

Particles 

Tissue 

IONP 

Heat Transfer Model (3) 

Tissue 

IONP 

FEM 
Flow Model  

(1) 

(a) 

(c) 

(b) 

IONP IONP 

20#min# 40#min# 60#min#

M. Nabil, P. Decuzzi and P. Zunino, Modeling mass and heat transfer in nano-based hyperthermia, RSOS 2015.

Application	
  to	
  tumor	
  hyperthermia:	
  	
  
(with	
  C.	
  De	
  Falco	
  ,	
  MOX	
  and	
  P.	
  Decuzzi,	
  IIT)	
  

Analyze	
  coupled	
  effects:	
  

• blood	
  flow	
  

• capillary	
  leakage	
  

• particle	
  transport	
  (multiscale)	
  

• heat	
  generation	
  and	
  transfer	
  

• capillary	
  deformation	
  

• angiogenesis
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Gone but not forgotten

D. Notaro, January 2015 - present, Ing. Mat. PoliMi, 

Thesis: A New Mixed Finite Element Formulation for Modeling the Fluid Exchange between 
Microcirculation and Tissue Interstitium.


R. Soncini, April 2012 - December 2013. Mechanical Engineering, University of Pittsburgh. M.S. 

Thesis: Parameter estimation via Bayesian inversion: theory, methods and applications. 

Now at University of Virginia.


L. Cattaneo, C. Colciago, September 2009 - July 2010. MOX, Politecnico di Milano. 

Thesis: Computational modeling of artificial tissue growth. 

Now Post. Doctoral Fellows PoliMi and EPFL


Azzurra Porpora, July 2008 - December 2009. MOX, Politecnico di Milano.

Thesis: Numerical approximation of defective boundary conditions for hemodynamic flows. 

Now at P&G Frankfurt


L. Mella e L. Nebuloni, October 2007 - December 2008. MOX/LaBS, Politecnico di Milano. M.S.

Thesis: Computational study of the interaction between blood flow and drug release from a 
cardiovascular stent. 

Awarded with the Prize for the Best Master Thesis by the (Italian) Society of Bioengineering, 2009.


